We measured the ensemble-averaged spectral correlation functions and statistical distributions of spectral spacing and intensity for lasing modes in weakly scattering systems, and compared them to those of the amplified spontaneous emission spikes. Their dramatic differences illustrated the distinct physical mechanisms. Our numerical simulation revealed that even without reabsorption the number of potential lasing modes might be greatly reduced by local excitation of a weakly scattering system. The lasing modes could be drastically different from the quasimodes of the passive system due to selective amplification of the feedback from the scatterers within the local gain region.
I. INTRODUCTION
The random laser differs from the conventional laser in that the optical feedback originates from light scattering instead of reflection 1 . One important topic of research is the nature of random laser modes. In his seminal paper 2 , Letokhov predicted lasing with non-resonant feedback in a diffusive random medium. The lasing modes are the eigenmodes of the diffusion equation, and the lasing frequency is equal to the center frequency of the amplification line.
In spite of drastic narrowing of emission spectrum at the threshold, the lasing spectrum above the threshold remained relatively broad and featureless 3 . In contrast, multiple narrow peaks were observed on top of the amplified spontaneous emission spectrum in strongly scattering semiconductor powders and polycrystalline films 4, 5 . Frequencies of the discrete lasing peaks, which cannot be selected by the smooth gain spectrum, depend on the spatial distribution of the dielectric constant. Namely, they change with the spatial configuration of the scatterers, but remain constant for a fixed configuration. Simulation and experiment showed that for a random system in the localization regime lasing oscillation occurs in the eigenmodes of . Surprisingly, random lasing with resonant feedback was also realized for various systems in the diffusive or even ballistic regime, despite the coherent interference effect is expected to be negligibly small 9, 10, 11, 12 . The lasing modes are believed to be the quasimodes of the passive random system, in particular, the ones with small decay rate 13, 14, 15 . The statistics of the decay rates of the quasimodes has been used to predict the lasing threshold and the number of lasing modes 13, 16, 17, 18, 19, 20 . However, recent theoretical studies suggest that the quasimodes of a passive random system may not be the genuine normal modes of the same system with gain 21, 22, 23 . A careful investigation of the lasing modes in weakly scattering systems and their relation to the quasimodes of the passive systems is needed to understand the random lasing phenomena.
The spatial inhomogeneity of optical gain makes the situation even more complicated.
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Experimentally, tight focusing of the pump beam is necessary to observe discrete lasing peaks. The number of lasing peaks increases with the pumped spot size, and eventually they merge to a continuous broad band. This phenomenon can be easily explained for the random systems in or near the localization regime. A large pumped volume contains many localized modes which may serve as lasing modes under excitation. Some of the lasing modes are spatially separated and have similar frequencies. However, in diffusive or ballistic systems, the quasimodes are spatially extended across the entire system, except the rare anomalously localized modes 13 . Even with local pumping, all modes of frequency within the gain spectrum are excited almost equally. Therefore shrinking the gain volume should not decrease the number of potential lasing modes, but only increase their lasing threshold.
This seemingly contradiction originates from the assumption that the quasimodes of the passive system serve as the lasing modes. Our recent numerical and experimental studies demonstrate that this assumption no longer holds when reabsorption of emitted light outside the pumped region is strong 12, 24 . The suppression of the feedback from the unpumped part effectively reduces the system size and the lasing modes are confined in the vicinity of the pumped region. The number of quasimodes of the "reduced" system is therefore much less than that of the total system, facilitating the observation of discrete lasing peaks. However, this theory is not applicable to the systems with negligible reabsorption outside the excitation region. The effect of local pumping on random lasing modes in a weakly scattering system without reabsorption is not fully understood.
In addition to the lasing peaks, stochastic spikes were reported in the single-shot spectra of amplified spontaneous emission (ASE) from random systems over a wide range of scattering strength 25 . The spikes are intrinsically stochastic and vary from shot to shot even though the disorder is static 26 . They are attributed to single spontaneous emission events which happen
to take long open paths inside the amplifying random medium and pick up large gain. The emergence of ASE spikes does not rely on the resonant feedback or the coherent interference.
One question that arises in the experiment is how to distinguish the ASE spikes from the lasing peaks, especially for the colloidal solutions in which the particles move constantly and the lasing peaks also change from shot to shot. Our recent experimental data illustrate that the statistics of lasing peaks is distinct from that of ASE spikes 27 . However, the physical origina of the statistical behavior of random lasing modes is still not clear.
The above questions and issues will be addressed in this paper. First we will present a detailed experimental study to illustrate the fundamental difference between the ASE spikes and the lasing peaks. The ASE spikes can appear in the absence of scattering, while the lasing peaks rely on the coherent feedback provided by scattering. The ensembleaveraged spectral correlation functions for the ASE spikes and lasing peaks, as well as the statistical distributions of their spectral spacings and intensities, are drastically different.
Such differences underline their distinct physical mechanisms. Next we investigate the origin of coherent random lasing in weakly scattering systems and the effect of local pumping on the lasing modes in the absence of reabsorption. Despite of the weak scattering, the coherent feedback may be strongly enhanced due to a large amplification. Our numerical simulations reveal that local excitation can greatly reduce the number of lasing modes even without reabsorption outside the pumped region. It increases the frequency spacing of lasing modes, and facilitates the observation of discrete peaks in spectrum. The lasing modes, though still extended across the entire system, may differ dramatically from the quasimodes due to selective amplification of the feedback from the scatterers within the local gain region.
II. LASING PEAKS VS. ASE SPIKES
Our experiments were performed on the diethylene glycol solutions of stilbene 420 dye and TiO 2 particles (mean radius = 200nm). The colloidal solution was first shaken in an ultrasonic bath for 30 min and then transfered to a quartz cuvette of dimension 1 × 1 × 5cm.
The solution was excited by the third harmonics of a pulsed Nd:YAG laser at wavelength λ p = 355nm. The pulse width was 25ps and the repetition rate was 10Hz. The pump beam was focused by a lens into the solution through the front window of the cuvette. The spot of pump beam at the front window was roughly 30µm in diameter. The emitted light was collected by the same lens, then focused by a second lens to a fiber bundle which was connected to a spectrometer with a cooled CCD array detector.
The reason for choosing stilbene 420 instead of the commonly used rhodamine dye is the weak reabsorption outside the pumped volume. Since the absorption band of stilbene 420 is well separated from its emission band, the absorption at the emission wavelength is extremely weak. For example, the absorption length l a at the center emission wavelength λ e = 427nm was 6cm at the dye concentration M = 8.5mM. It was much larger than the dimension L(∼ 1cm) of the cuvette that held the solution. At the particle density ρ = 3 × 10 9 cm −3 , the scattering mean free path l s ≃ 1.3mm at λ p , and l s ≃ 1.0mm at λ e . Although l a ≃ 10µm at λ p , the pump light penetrated much deeper than l a due to the saturation of absorption by intense pumping. Imaging through the side window of the cuvette revealed that the excitation volume had a cone shape of length a few hundred micron and base diameter 30µm. Because the cone length was smaller than l s , the excitation cone in the colloidal solution was almost identical to that in the neat dye solution (ρ = 0). The transport of emitted light was diffusive in the colloidal solution with ρ = 3 × 10
because the dimension L of the entire solution was much larger than l s . Light amplification, however, occurred only in a sub-mean-free-path volume which was pumped. The motion of the particles in the solution provided different random configuration for each pump pulse, which facilitated the ensemble measurement under identical conditions.
The single-shot emission spectra from the colloidal solution with ρ = 3 × 10 9 cm −3 and M = 8.5mM are shown in Figs. 1(a) to (c) with increasing pump pulse energy E p . At E p = 0.05µJ [ Fig. 1(a) ], the spectrum exhibited sharp spikes on top of a broad ASE band.
From shot to shot the spikes changed completely. The typical linewidth of the spikes was about 0.07nm. The neighboring spikes often overlapped partially. As pumping increased, the spikes grew in intensity. When E p exceeded a threshold, a different type of peaks emerged in the emission spectrum as shown in Fig. 1(b) . They grew much more rapidly with pumping than the spikes, and dominated the emission spectrum at E p = 0.13µJ [ Fig. 1(c) ]. The peaks, with the typical linewidth of 0.13nm, were notably broader than the spikes. Unlike the spikes, the spectral spacing of adjacent peaks was more or less regular. We repeated the . Although they were similar at E p = 0.05µJ, the emission spectra of these two samples were dramatically different at E p = 0.13µJ. Even under intense pumping, the emission spectrum of the neat dye solution had only spikes but no peaks [ Fig. 1(f) ].
The maximum spike intensity was about 50 times lower than the maximum peak intensity in the colloidal solution at the same pumping [ Fig. 1(c) ]. The pump threshold for the appearance of peaks depended on the particle density in the solution, while the threshold for the emergence of spikes in the solutions of low ρ was similar to that in the neat dye solution.
In our previous experimental and numerical studies 12 , we concluded that the large peaks represented the lasing modes formed by distributed feedback in the colloidal solutions. Although the feedback was weak at low particle density, the intense pumping strongly amplified the backscattered light and greatly enhanced the feedback. In contrast, the feedback from the particles was not necessary for the spikes which also existed in the neat dye solution.
Thus the spikes were attributed to the amplified spontaneous emission. To demonstrate quantitatively the difference between the ASE spikes and the lasing peaks, we investigated their spectral correlations and intensity statistics. Since it was difficult to obtain reliable statistical data for the ASE spikes from the colloidal solution at high pumping due to the presence of dominant lasing peaks, we obtained the data of ASE spikes from the neat dye solution instead.
III. SPECTRAL CORRELATIONS
The ensemble-averaged spectral correlation function C(∆λ) was obtained from 200 singleshot emission spectra acquired under constant pumping condition. We chose the wavelength range 425-431nm, within which the gain coefficient showed very small change, to compute . Below the lasing threshold where the emission spectrum had only ASE spikes, the value of C(∆λ) was small at ∆λ = 0, and it decayed quickly to zero as ∆λ increased. Once the pumping exceeded the threshold and lasing peaks emerged, the amplitude of C(∆λ) grew rapidly, and regular oscillations with ∆λ were developed. The oscillation period was about 0.27nm, corresponding to the average wavelength spacing of adjacent lasing peaks. Due to the slight variation of the lasing peak spacing, the oscillation was damped and the correlation peaks were broadened with increasing ∆λ. Nevertheless, the oscillation of C(∆λ) survived the ensemble average despite the lasing peaks changed from shot to shot. This result confirmed not only the lasing peaks in a single-shot spectrum were more or less regularly spaced, but also the average peak spacing was almost the same for different shots. In contrast, C(∆λ) for the neat dye solution barely changed with increasing pumping once the ASE spikes emerged [ Fig. 2(b) ]. Although the amplitudes of ASE spikes increased with pumping, their spectral correlations remained almost the same. C(∆λ) for the neat dye solution was similar to that of the colloidal solution below the lasing threshold where the spectrum had only ASE spikes. Note that the ASE spikes produced irregular oscillations in the spectral correlation function of a single shot emission spectrum. However, such oscillations were removed after averaging over many shots. This result reflected the stochastic nature of the ASE spikes.
We also obtained the statistical distribution P (δλ) of wavelength spacing δλ of adjacent lasing peaks and that of the ASE spikes. There were several ways of identifying the peaks/spikes in the emission spectra, e.g., three-point peak-finding, five-point peak picking.
The spectral resolution of our spectrometer was limited by the pixel size of the CCD array detector. Each pixel corresponded to a wavelength interval dλ = 0.02nm. In an emission spectrum, the intensity was recorded with the wavelength step of 0.02nm. If the intensity at wavelength λ was higher than those at λ±dλ, a peak/spike was identified at λ. Such method was called a three-point peak-finding. Using this method we found the spectral positions for the lasing peaks and the ASE spikes within the wavelength range 425-431nm from 200 single-shot emission spectra taken under identical conditions to obtain P (δλ). Figure 3(a) shows the results obtained with the colloidal solution at three pumping levels. Below the lasing threshold, P (δλ) decayed monotonically as δλ increased from zero. It reflected the spacing statistics of ASE spikes, as the lasing peaks were absent. Note that the value of P (δλ) at δλ ∼ 0 could not be obtained, because two ASE spikes whose spacing was less than the spike width could not be resolved. Above the lasing threshold, a local maximum of P (δλ) was developed at δλ = 0. It shifted to larger δλ as the pumping increased further.
This local maximum originated from the regularity of lasing peak spacing. However its position was smaller than the average spacing obtained from C(∆λ), because the three-point peak-finding method selected not only the lasing peaks but also the ASE spikes.
Since the ASE spikes were narrower than the lasing peaks, we tried three different methods to unselect the ASE spikes. An ASE spike typically covered 3-4 dλ, while a lasing peak 7-8 dλ. We used the five-point peak-finding method, i.e., I(λ) > I(λ ± dλ) > I(λ ± 2dλ) to identify a peak at λ. The ASE spikes were narrow and closely packed, thus most of them were not selected. Consequently, P (δλ) at δλ close to 0 was greatly reduced. The local maximum at δλ = 0 shifted to larger δλ, and became the global maximum. An example is shown in 7 the inset of Fig. 3(a) for E p = 0.13µJ. To confirm this result, we tried a different method.
The emission spectrum was first smoothed by the three-adjacent-point averaging, i.e., I(λ) was replaced by [I(λ − dλ) + I(λ) + I(λ + dλ)]/3. Most ASE spikes were smeared out by such process, while the lasing peaks survived. Then we used the three-point peak-finding method to find the peaks. The third method was a combination of the first two, a three-adjacentpoint smoothing followed by a five-point peak-finding. As shown in the inset of Fig. 3 (a), P (δλ) obtained with all three methods were very close to each other. Especially P (δλ) all reached the maximum at δλ = 0.27nm, which coincided with the average lasing peak spacing obtained from the oscillation period of C(∆λ). This result reflected the spectral repulsion of lasing modes. Since the particle suspension was in the diffusive regime, its quasimode spacing δλ should satisfy the Wigner-Dyson distribution
However, P (δλ) for the lasing modes did not fit the Wigner-Dyson distribution well. The deviation might be caused by several factors such as the mode competition for gain which would limit the number of lasing modes 29 , and the modification of lasing modes by local pumping even in the absence of reabsorption (to be discussed later).
Figure 3(b) shows P (δλ) for the ASE spikes from the neat dye solution at three pumping levels. The ASE spikes were selected by the three-point peak-finding method. The wavelength spacing statistics for the ASE spikes clearly differed from that for the lasing peaks.
P (δλ) always decayed monotonically with increasing δλ, even at high pumping. However the decay became slightly slower with increasing pumping. This change was caused mainly by the noise of the CCD array detector, which produced tiny spikes in the spectrum. Such noise spikes were also selected by our peak-finding program. However, they became less significant at higher pumping, as the ASE spikes dominated the emission spectrum. The inset of Fig. 3(b) is the log-linear plot of P (δλ). With increasing pumping level P (δλ)
approached an exponential decay, as the ASE spikes dominated over the noise spikes. The solid line represents an exponential fit of the data at E p = 0.13µJ, P (δλ) ∼ exp(−δλ/0.08).
It suggested that the ASE spikes satisfied the Poisson statistics, which meant the frequencies of individual ASE spikes were uncorrelated. Such difference originated from the fact that the former had only ASE spikes and the latter had lasing peaks.
Next we obtained the statistical distributions for the lasing peak height and ASE spike height. After normalizing 200 single-shot spectra from the colloidal solution under a constant pumping by their ensemble-average I(λ) , we used the five-point peak-finding method described earlier to find the lasing peaks and record their heights I p . The heights of all lasing peaks within the wavelength range 425-431nm were averaged to obtain I p . Figure 4(c) shows the statistical distribution P (I p / I p ) for the colloidal solution at the same pumping levels as those in Fig. 4(a) . For the two pumping levels above the lasing threshold, P (I p / I p ) exhibited power-law decay at large I p . The fitting with
gave b = 2.7, 2.2 for E p = 0.09µJ, 0.13µJ. The values of b were slightly smaller than those for P (I/ I ), indicating the tail of the distribution for the normalized lasing peak height was more extended than that for the emission intensity collected at every frequency. Similarly we obtained the statistical distribution for the ASE spike height P (I p / I p ) from 9 the neat dye solution using the three-point peak-finding method. As shown in Fig. 4 (d), P (I p / I p ) exhibited an exponential decay at large I p for all three pumping levels, and the decay rate was nearly the same. The solid line represents the exponential fit for the data,
with a = 0.18. The value of a was close to that for P (I/ I ).
The above experimental results of correlations and statistics demonstrated the fundamental difference between the ASE spikes and the lasing peaks. Next we present a qualitative explanation for the ASE spikes. The stochastic structures of the pulsed ASE spectra of neat dye solutions were observed long ago 30, 31, 32 . In our experiment, tight focusing of the pump beam created a cone-shaped gain volume inside the neat dye solution. The amount of amplification that a spontaneously emitted photon experienced was determined by its path length inside the gain volume. Since photons in the neat dye solution experienced no scattering and traveled in straight line, their path length inside the excitation cone depended on where and in which direction they were emitted. The photons spontaneously emitted near the cone ends in the direction parallel to the cone axis experienced the largest amplification because of their longest path length inside the gain volume. The ASE at the frequencies of these photons was the strongest, leading to the spikes in the emission spectrum. Of course, these photons must be emitted in the beginning of the short pump duration, otherwise they would not pick up the transient gain. Although the spontaneous emission time was a few nanosecond, only the initial part of the spontaneous emission pulse was strongly amplified. The ASE pulse was a few tens of picoseconds long, followed by a spontaneous emission tail. The spectral width of the ASE spikes was determined by the ASE pulse duration. We extracted the average width of the ASE spikes from the width of spectral correlation function in Fig.   2 (b). After taking into account the spectral resolution of our spectrometer, we estimated the ASE pulse duration to be around 20ps, in agreement with the pumping pulse duration. Since different ASE spikes originated from different spontaneous emission events which were independent of each other, their frequencies were uncorrelated. It led to the Poisson statistics of the frequency spacing of neighboring ASE spikes, p(δλ) ∼ exp[−δλ/ δλ ].
In the neat dye solution, the intensity of an ASE spike could be written as
where l is the path length inside the gain region, and l g is the gain length. If optical gain was uniform inside the excitation cone and constant in time, the distribution of path length inside the cone for spontaneously emitted photons P (l) = constant. From Eq. (1), the statistical distribution of ASE intensity P (I) ∝ 1/I. Experimentally P (I) decayed exponentially [ Fig.   4 ]. This discrepancy was attributed to the spatial and temporal variations of optical gain, which made it difficult to calculate P (I).
Although the occurrence of ASE spikes did not rely on scattering, multiple scattering could increase the path lengths of spontaneously emitted photons inside the gain volume thus raise the amplitudes of some spikes. Note that Eq. (1) was no longer valid. In a scattering medium if a photon triggered the stimulated emission of a second photon, they propagated together till they reached the next scatterer by which they might be scattered into different directions and explore different paths afterwards. For those rare long paths, the photons generated along the way likely switched to shorter paths which were more probable.
Thus the emission intensity at the end of a long path of length l should be less than that
given by Eq. (1). In our experiment, the tight focusing of the pump beam and the low particle density in the colloidal solution made the scattering mean free path exceed the size of gain volume. The effect of scattering on the photon path length inside the gain volume was negligibly small, thus the ASE spikes exhibited little dependence on the particle density.
V. EFFECT OF LOCAL EXCITATION ON RANDOM LASING MODES
Before interpreting the data for the lasing peaks, we must understand how the lasing modes were formed with local pumping and negligible reabsorption. Due to the large aspect ratio of the excitation cone, the laser emission was highly directional, indicating lasing occurred along the cone. Such a quasi-1D system was approximated as an 1D random system in our numerical simulation. The aim of the numerical simulation was to gain physical insight of the lasing mode formation, instead of reproducing the experimental results. Recently we developed a numerical method based on the transfer matrix to calculate the quasimodes of 1D random systems as well as the lasing modes under global or local pumping 33 . The boundary condition was that there were only outgoing waves through the system boundary.
In a passive system such boundary condition gave the frequency and decay rate of every quasimode, while in an active system it determined the frequency and threshold gain of each lasing mode. Our method was valid for the linear gain up to the lasing threshold, with both gain saturation and mode competition for gain being neglected. Such simplification did not affect our goal of finding all the potential lasing modes regardless of the material-specific nonlinear gain.
The 1D random system we simulated consisted of N dielectric layers with refractive index n d in air. The layer thickness and layer-to-layer spacing were randomized. Optical gain was introduced as an imaginary part n i of the refractive index. In the presence of uniform gain (constant n i across the system), the lasing modes had one-to-one correspondence with the quasimodes. As long as the scattering was not too weak, the lasing modes were nearly identical to the quasimodes in both frequency and spatial profile 33 . Experimentally the gain coefficient was not uniform but varied spatially, because the pump intensity decreased with the depth inside the solution. Due to the intense pumping, the absorption of dye molecules near the front window of the cuvette was saturated. Thus the gain coefficient would be constant within certain depth and then decay exponentially. To simulate such case, n i was set constant within length L 1 from one end of the system and followed by an exponential decay of length L 2 .
When the length of the pumped region L p = L 1 + L 2 was much smaller than the total system length L, the number of lasing modes was found to be less than that of the quasimodes within the same frequency range, especially in a weakly scattering random system. For example, we calculated all the lasing modes within the wavelength range 500-750nm in random systems of L = 24.1 µm and n d = 1.05. In the absence of gain or absorption, the localization length ξ = 240µm. It was much larger than L, thus light transport was ballistic. We simulated ten random configurations with the same degree of disorder to obtain the average number of lasing modes N l for a fixed L p . As L p decreased from 12µm to 4.8µm, N l was reduced from 22 to 17. If the entire system was excited uniformly, N l = 30, which was equal to the number of quasimodes of the passive system. The reduction of N l with L p was not a result of mode competition or gain saturation which was ignored in our calculation. It was neither due to reabsorption which could reduce the effective system size and the density of states 24 , because absorption was not introduced to the structures. The only reason for the lasing mode number reduction was the local excitation. Since a local gain selectively amplified the feedback from the scatterers within the pumped region, its contribution to the lasing mode formation was greatly enhanced. Meanwhile, the feedback from the scatterers outside the pumped region was not amplified, and its contribution to lasing became relatively weak. Hence, the relative strengths of feedbacks from different parts of the random structure were changed by local pumping, so was the interference of these scattered waves. Consequently, some quasimodes failed to lase, and those did lase had different spatial profile (to be shown later). Nevertheless, the sublinear decrease of N l with L p reflected the fact that N l exceeded the number of quasimodes of the reduced random system defined by the pumped region (the unpumped part was removed). It indicated the feedback from the unpumped region was not negligible.
The reduction of L p led to less number of lasing modes and larger mode spacing. This result was confirmed experimentally. By changing the stilbene 420 dye concentration, we varied the penetration depth of the pump beam which determined the length L p of excitation cone. The TiO 2 particle density was kept constant so that the random structures were effectively the same. The excitation cone was imaged through a side window of the cuvette using an objective lens and a CCD camera. Since laser emission was directed along the cone, only spontaneous emission was collected from the side. The spontaneous emission intensity reflected the local pump intensity, and its spatial distribution revealed the shape of the pumped region.
From the oscillation period of C(∆λ), we extracted the average lasing mode spacing δλ .
As shown in Fig. 5 , δλ = 0.36nm and 0.19nm for M = 12mM and 6mM, respectively.
Comparing them to δλ = 0.27nm for M = 8.5mM in Fig. 2(a) , we concluded that the adjacent lasing mode spacing scaled with the dye concentration. This was due to the change of penetration depth L p of the pump light into the solution with different dye concentration.
This was confirmed by the images of pumped regions through the side window of the cuvette shown in the insets of Fig. 5 . Although the variation of δλ with M was similar to our previous results in colloidal solutions with rhodamine 640 dye 12 , the underlying mechanisms were different. Due to strong reabsorption by the rhodamine 640 molecules in the unpumped region, the emitted photons which left the pumped region has little chance of returning to it. Therefore, the feedback from the unpumped region was suppressed, and the lasing modes were spatially confined in the vicinity of the pumped region. In contrast, the reabsorption of stilbene 420 was extremely weak, and the lasing modes were spread over the entire solution.
The reduction of lasing mode number and the increase of the lasing mode spacing were caused purely by the local amplification in our current experiment.
The local pumping could also modify the spatial profile of a lasing mode drastically in a weakly scattering system. Figure 6 showed the intensity distribution I l (x) of lasing modes under local pumping and global pumping as well as the quasimode without pumping. For comparison, I l (x) was normalized such that the spatial integration over the entire random structure was equal to 1. With gain uniformly distributed across the entire random structure, the lasing mode profile (solid line) was almost the same as the quasimode of the passive system (dotted line). The envelop of I l (x) grew exponentially toward the system boundary due to the negative imaginary part of the wavevector k i , with additional modulations caused by interference of scattered light 33 . When gain existed only in part of the random structure, the lasing mode profile (dashed line) changed significantly. I l (x) no longer grew exponentially outside the pumped region where gain was zero. The relative weight of the intensity distribution in the part far from the gain region was reduced. Such redistribution was attributed to the change in the relative strength between the feedback from the pumped region and that from the unpumped region.
Our numerical simulation reproduced the regular frequency spacing of lasing modes that was observed experimentally. We calculated the frequency spacing of adjacent lasing modes in random structures with various amount of scattering. As the scattering got weaker, the mode spacing became more regular. As an example, we calculated all the lasing modes within the wavelength range 500-750nm in a random structure (length L = 24.1µm) under local pumping (L p = 9.6µm). for the lasing modes was broader than that for the quasimodes, and it became asymmetric.
We also calculated the statistical distribution of the decay rate k i of quasimodes, as well as that of the threshold of lasing modes under local pumping. Again k i was normalized by the ensemble-averaged value. Figure 8(b) illustrates that the two distributions were rather similar.
VI. DISCUSSION AND SUMMARY
Although the dimensions of the random systems in our numerical calculation were much smaller than the experimental ones, the calculation results provided qualitative explanation for the experimental data. Tight focusing of the pump light greatly reduced the number of potential lasing modes N l . The increase of mode spacing facilitated the observation of discrete lasing peaks in the emission spectrum. Since the reduction of N l was a result of local amplification, it did not rely on the reabsorption outside the pumped region. The increase of N l with L p agreed qualitatively with the experimental observation of smaller lasing peak spacing for longer pump cone. One quantitative difference was that experimentally the samples were three-dimensional and the emitted photons which wandered out of the pumped region had less chance of returning to it via scattering. The contribution of the scatterers in the unpumped part to the lasing mode formation was weaker than that in the 1D random systems we calculated. Nevertheless, the lasing modes were extended over the entire random system, instead of being confined to the pumped region like the lasing modes in a system with strong reabsorption. The feedbacks from the scatterers outside the pumped region were not negligible, thus the lasing modes were not equal to the quasimodes of the reduced system defined by the gain volume. Our numerical calculation also showed that the frequency spacing of adjacent lasing modes under local pumping became more regular as the scattering strength decreased. Such regularity was intrinsic and not caused by mode competition for gain. Since local pumping could make the lasing modes dramatically different from those of the quasimodes of the passive system, the statistics of quasimodes 34, 35 cannot be applied directly to predict the properties of lasing modes. To reproduce the statistical data of the lasing modes, one shall take into account mode competition and gain saturation which would make the calculation more complicated. In addition, the intensities of the lasing modes under pulsed pumping also depended on the initial spontaneous emission into individual modes, which varied from shot to shot. This led to shot-to-shot fluctuation of lasing peak height.
Therefore, it was difficult to include all these factors in our current calculation, and we hope our work will stimulate further theoretical studies.
In summary, we demonstrated experimentally the spectral correlation and intensity statistics for random lasing modes in a weakly scattering system were very different from those for the ASE spikes. Since the ASE spikes originated from independent spontaneous emission events, their frequencies were uncorrelated, leading to Poisson statistics for their spectral spacing. The lasing peaks represented the lasing modes, which could be drastically different from the quasimodes due to local pumping. Our numerical simulation illustrated that even without reabsorption the number of potential lasing modes might be greatly reduced by local excitation of a weakly scattering system. The selective amplification of the feedback from the scatterers within the gain region could significantly modify the lasing mode profile. Our studies not only revealed the relation between the lasing modes and the quasimodes under global or local pumping, but also explained why tight focusing of the pump light facilitated the observation of discrete lasing peaks in the emission spectra. 
